Abstract. The aim of this manuscript is to present a unique common fixed point theorem for six mappings satisfying (φ, ψ)-contractions using (E.A) property in the framework of G b -metric spaces. An illustrative example is also given to justify the established result.
Introduction
In recent years, many authors studied common fixed points of mappings having different contractive conditions. This area has variety of important applications in applied mathematics and sciences.
In 1976, Jungck [17] proved a common fixed point theorem for commuting maps under the assumption that one of maps must be continuous.
In 1982, the concept of weak commutativity for a pair of self maps was introduced by Sessa [47] . He also proved that weakly commuting pairs of maps in a metric space are commuting, but the converse need not be true. Later, Jungck [18] introduced the notion of compatible mappings in order to generalize the concepts of weak commutativity and showed that weak commuting maps are compatible, but the reverse implication may not hold.
In 1996, Jungck [20] defined a pair of self mappings to be weakly compatible if they commute at their coincidence points.
Therefore, we have one way implication namely, Commuting maps ⇒ Weakly Commuting maps ⇒ Compatible maps ⇒ Weakly Compatible maps. Recently, various authors have introduced a coincidence points results for various classes of mappings on metric spaces. For more details on coincidence point theory and related results, see [19, 21, 43] .
However, the study of common fixed points of non-compatible mappings has recently been initiated by Pant [44] .
In 2002, Amari and El Moutawakil [1] defined a new property called (E.A) property which generalizes the concept of non-compatible mappings and they proved some common fixed point theorem.
Yan et al. [48] gave the idea of (φ, ψ)-contractions and proved a fixed point theorem of a contraction mapping in a complete metric space endowed with a partial order by using altering distance functions [22] . Different authors used (φ, ψ)-contractions to obtain common fixed point results in different spaces. Some of the works on (φ, ψ)-contractions are given in [4, 5, 8, 10, 26, 27, 42, 23, 41] .
Mustafa and Sims [28] introduced a new generalizations of a metric space by assigning to every (x, y, z) ∈ X × X × X a real number and is named as a G-metric space. In 2008, Mustafa et al. [29] obtained some fixed point results in G-metric spaces for mappings satisfying different contractive conditions. After that several fixed point results were obtained. Among these works, we mention ( [6] , [7] , [11] , [14] , [15] , [16] , [24] - [40] ). In 2014, Aghajani et al. [2] introduced a new generalization of a metric space. They combined the definition of a G-metric and a b-metric and generated a new definition called a G b -metric space. They also pointed out that the class of G b -metric spaces is effectively larger than that of G-metric spaces. Note that a G-metric space becomes a particular case of a G b -metric space when s = 1. Further, they showed that every G b -metric space is equivalent to a b-metric space topologically.
In the current work, we will obtain a unique common fixed point result in G b -metric spaces involving (φ, ψ)-contractions and using the (E.A) property. Also, an example to illustrate the main result is given.
Preliminaries
First, we present some definitions from the literature. Definition 1. ( [13] ) Let X be a nonempty set and s ≥ 1 be a given real number. A function d : X × X → [0, ∞) is called a b-metric provided that, for all a, b, c ∈ X, the following conditions are satisfied:
The pair (X, d) is called a b-metric space with parameter s.
The following definition was given by Mustafa and Sims [28] Definition 2. ( [28] ) Let X be a nonempty set and G :
Then function G is called a G-metric on X, and the pair (X, G) is called a G-metric space. As a combination of the two above definitions, Aghajani et al. [2] (see also [3] ) introduced the following.
) Let X be a nonempty set and s ≥ 1 be a given real number. Suppose that a mapping
where p is a permutation of x, y, z (symmetry);
Then G b is called a generalized b-metric ( named as a G b -metric) on X, and the pair
Note that every G-metric space is a G b -metric space, but the converse need not to be true as its clear from the following example.
Evidently, the above is a G b -metric on X with s = 7 5 , but not a G-metric. In fact, the rectangle inequality is violated, for instant
The following example can be founded in [45] .
is not necessary a G-metric space. For instant, let X = R and the G-metric be defined by
Then (X, G b ) is a complete G b -metric space with s = 2, but not a G-metric.
The following are equivalent:
(
The following definition was given by Jungck [19] .
Definition 6. ([19])
Two maps f and g are said to be weakly compatible if they commute at their coincidence points, that is if
The following definition was introduced by Amari and El Moutawakil [1] in 2002. This concept was extended to G-metric spaces in [24] . The following lemma is useful in the proof of our main result.
Suppose that {x n }, {y n } and {z n } are G b -convergent sequences to x, y and z, respectively. Then we have
(iii) If {z n } = c and {y n } = b are constant, then
In particular, if x = y = z, then we have lim n→∞ G b (x n , y n , z n ) = 0.
Main results
We start this section with the following definition and lemma which will play a major role in our main result.
Proof. Using the rectangle inequality for the G b -metric, we obtain that
and
Taking the limit inferior as n → ∞ in (1) and the limit superior as n → ∞ in (2), the proof is completed. We denoted by Ψ to be the set of all super-altering distance functions. Note that the class of altering distance functions was defined in [22] , where ψ is considered nondecreasing (not necessarily increasing). Any super-altering distance function is of course a function in the sense of [22] .
In the following example, the given mapping is just an altering distance function, but not in Ψ.
Theorem 1. Let (X, G b ) be a complete G b -metric space and let f, g, h, R, S, T : X → X be self mappings such that (i) (f, S) and (g, R) satisfy the (E.A) property;
(iv) (f, S), (g, R) and (h, T ) are weakly compatible pairs of mappings;
where ψ, φ ∈ Ψ and
Then f, g, h, R, S and T have a unique common fixed point in X.
Proof. Since the pair (f, S) satisfies the (E.A) property, there exists a sequence {x n } such that lim
As f (X) ⊆ T (X), there exists a sequence {z n } ∈ X such that f x n = T z n and lim
Again the pair (g, R) satisfies the (E.A) property, so there exists a sequence {y n } such that lim n→∞ gy n = lim n→∞ Ry n = q 2 , for some q 2 ∈ X.
But g(X) ⊆ S(X), so there exists a sequence {α n } ∈ X such that gy n = Sα n , and lim
Now, we shall show that lim n→∞ hz n = q 1 . From (3), (G b 3) and the fact that ψ is an increasing mapping, we have
where,
Taking lim sup n→∞ and using (4) together with (6), we obtain lim sup
Taking again lim sup n→∞ in (7) and substituting (8), we get
Since s > 1 and being ψ is an increasing mapping, we deduce from (9) that lim sup
and so by (8), we conclude that
Now, by (G b 4), (10) and (4), we have
Thus, lim n→∞ G b (hz n , q 1 , q 1 ) = 0 which gives that lim hz n = q 1 as n → ∞. Now, we shall prove that q 1 = q 2 . By applying (3) and using (G b 3), we find that
Taking the limit as n → ∞ in (13) and recalling (11), we obtain
Thus, by using (G b 4), (4) and (14), 
This implies that lim n→∞ Sα n = q 1 . On the other hand, from (6) we have lim n→∞ Sα n = q 2 , hence by uniqueness of limits, we obtain that q 1 = q 2 . Therefore for some q ∈ X. Since R(X) is a closed subspace of X, there exists u ∈ X such that Ru = q. Now we shall prove that gu = q. Observe that
By taking limit superior as n → ∞ and taking into account (4), (6) and (15), then (16) becomes lim sup
By the help of Lemma 2, we obtain that
Also from (G b 3), we have
Thus, from (3), together with (17), (18), (19) and properties of ψ, we get that
Since s > 1 and ψ is increasing, the above inequality gives that G b (q, gu, q) = 0, which implies that gu = q. But g(X) ⊆ S(X), so there exists a point p ∈ X such that gu = Sp = q. We shall show that f p = q. Now
Now, taking the limit superior in (22) as n → ∞ and using Lemma 1, parts (2) and (3), we obtain lim sup
Now, taking the limit infimum in (21) as n → ∞ and using Lemma 1, parts (2) and (3), we get lim inf
Thus, from (3), (G b 3) and the fact that ψ and φ are increasing, we have
Therefore, by taking the limit superior in (25) as n → ∞ and using (23) and (24),
So,
We conclude that p is a coincidence point of f and S. Also
Again, since h(X) ⊆ R(X), there exists w ∈ X such that hw = Ru = q. Now, we shall show that T w = hw. From the definition of M (x, y, z) and by the help of (27), we get
But, by part 3 of Proposition 1, we have
≤ G b (q, q, T w) and so the above inequality becomes
Thus, applying (3) for x = q, y = q and z = T w and using (G b 3), (28) and properties of ψ, we obtain
So, φ G b (q, q, T w) = 0, which implies that G b (q, q, T w) = 0. Hence T w = q = hw and so w is a coincidence point of h and T . Therefore
Now, we shall show that q is a common fixed point of f, g, h, R, S and T . Since the pairs (f, S), (g, R) and (h, T ) are weakly compatible, the functions of each pair commute at their coincidence point, that is
Using (30) and (31), we obtain
Also, from (3) and (G b 3), we get
Since s 2 > s > 1 and ψ is increasing, the inequality above yields that G b (f q, f q, q) = 0 and so f q = q = Sq. We shall prove that gq = Rq = q. As in the above, using (30) and (31), we find that
Consequently, G b (f p, gq, hw) = G b (q, gq, q) = 0 and so gq = q. Hence gq = Rq = q. Now we shall prove that hq = T q = q. Similarly, using (30) and (31), we obtain that
By specifying x = z = q and y = u in (3) and using (27) ,
Again, s 2 > s > 1 and ψ is increasing, so G b (q, q, T q) = 0, that is, T q = q = Rq. Thus
Then q is a common fixed point of f, g, h, R, S and T . Now, we shall prove that the obtained fixed point is unique. Suppose that v is another common fixed point of f, g, h, R, S and T , that is
From (3) we have that
Again, since s 2 > s > 1 and being ψ is increasing, the above inequality implies that G b (q, q, v) = 0 and so q = v. That is, q is the unique common fixed point for f, g, h, S, R and T .
The following result is an immediate consequence of Theorem 1 by taking φ(t) = t.
Corollary 1. Let (X, G b ) be a complete G b -metric space and let f, g, h, R, S, T : X → X be self mappings such that (1) (f, S) and (g, R) satisfy the (E.A) property;
is a closed subspace of X; (4) (f, S), (g, R) and (h, T ) are weakly compatible pairs of mappings;
for all x, y, z ∈ X where ψ ∈ Ψ and
As in the above corollary, the following result follows from Theorem 1 by taking ψ(t) = t.
Corollary 2. Let (X, G b ) be a complete G b -metric space and let f, g, h, R, S, T : X → X be self mappings such that (1) (f, S) and (g, R) satisfy the (E.A) property; (2) f (X) ⊆ T (X), g(X) ⊆ S(X) and h(X) ⊆ R(X); (3) R(X) is a closed subspace of X; (4) (f, S), (g, R) and (h, T ) are weakly compatible pairs of mappings; (5) s 2 G b (f x, gy, hz) ≤ M (x, y, z) − φ M (x, y, z) for each x, y, z ∈ X where φ ∈ Ψ and M (x, y, z) = max G b (f x, Sy, T z), G b (gy, Ry, Ry),
By specifying ψ(t) = t and φ(t) = Proof.
(1) (f, S) and (g, R) satisfy the (E.A) property with x n = 1 n . (2) f (X) ⊆ T (X), g(X) ⊆ S(X) and h(X) ⊆ R(X). In fact, f (X) = g(x) = S(x) = R(x) = T (X) = [0, ∞).
(3) R(X) = [0, ∞) is a closed subspace of X. (4) (f, S), (g, R) and (h, T ) are weakly compatible pairs of mappings. In fact, the only coincident point for f and R is 0 and f (R(0)) = R(f (0)) = 0. Similarly for the other two pairs.
(5) We shall show that the above mappings satisfy the contractive condition (3). On one hand, we observe that 
